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vV vy VvYyy

Based on Chapter 3 of Discretization of Differential Geometry for Computational
Gauge Theory, PhD thesis of Mark Schubel, 2018

Similar recent ideas: Chris Eldred (Sandia) and collaborators

Primal and dual meshes
Discrete d when no boundary (or homogeneous b.c.)
Discrete d with boundary (and non-homogeneous b.c.)

Adjointness of discrete d and § and the boundary term
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Primal and Dual Cochains in Dimension 2

o) — 0 i N e

ddual ddual

DX(*X) «——— D'(*X) «—2— DO(*X)
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Primal and dual cochains in dimension 3

do d da

(%) Cc'(Xx) C*(X) C3(X)

*ol‘l*o *H* *H* *31’|*3
ddual ddual ddual

D3(*X) «2— DX(*X) «——— D'(*X) «2— DO(*X)
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Primal exterior derivative dj : C*(X) — C1(X)

Does not need special treatment near boundary

a—-b+c e+f+g
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Dual exterior derivative d,fl‘,i‘l

» Mesh dimension = n, dual dimension = n — k, so primal dimension = k
> Does need special treament near boundary

» Reason: how dual and primal exterior derivative matrices are related
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How d,?f;;‘l and primal dj_; related

When boundary terms are not accounted for in d}?le

disl = (k]

d d d
AOX) —2— C'(X) —— C*(X) —2— C(X)
—-dr dr —dr
D3 (*%X) «—2— D?(*X) «—— D'(*X) «—— D(*X)
dual d dual d dual
2 1 0
o) —0 1 D ex

*OH*O *H* *H*
dr dr

%o 1
D2 (*X) dual Dl (*X) dual DO (*X)
1 dO 8/26
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Dual exterior derivative déi“al : DY(*xX) — D'(xX)

Interior

1 dual _ 4T «_»
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Dual exterior derivative dgual : DY(*xX) — D'(xX)

Near boundary, without accounting for boundary terms
3

1 dual _ 4T «_»
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Extended dual exterior derivative ~ D°(*X) @ D°(*9X) — D' (*X)

Near boundary, with boundary terms incorporated
3
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Dual exterior derivative d 1‘1“31 : D' (*xX) — D?*(*X)

Interior
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Dual exterior derivative d ldual : D' (*xX) — D?*(*X)

Near boundary, without accounting for boundary terms
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Extended dual exterior derivative D! (*X) @ D' (*9X) — D?*(*X)

Near boundary, with boundary terms incorporated
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Boundary dual mesh in dimension 2
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Dual exterior derivative dg“al

Without accounting for boundary terms

0

dual _ 4T _
dgwt = g

*01
*02
*30
*12
*23

*012 *023
1 0
-1 1
0 1
1 0
0 1
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Dual exterior derivative dg“al
Boundary terms included

*012 *023 *501 *530 *512 *523

x1| 1 0] -1 0 0 0
divl = [dl, -i9]1= %02 | -1 1/ 0 0 0 0
*x30| 0 1| 0 -1 0 0
x12/ 1 0] 0 0 -1 0
x23 0 1| 0 0 0 -l
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Dual exterior derivative dg“al

Boundary terms incorporated

*01
*02
*30
*12
*23

*012 *023 %501 *530 *512 *523

_ O = =

-1

S O O O
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Dual exterior derivative d ldual
Boundary terms included

*01 *02 *30 *12 *23 %50 *51 *p2 *p3

x| 1 1 -1 0 0| 1 0 0 0
dual _ 1 _JT 07 _
G =l=do- 1= 10 0 0 1 ol o 1 o o
¥/ 0 -1 0 -1 1| 0 0 1 0
x3 0 0 1 0 -1] 0 0o 0 1
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Dual exterior derivative d fl“al

Boundary terms incorporated

*0
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*2
*3
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Dual exterior derivative d’fl‘,i‘l

General formula accounting for boundary terms

ddual. [( l)k 1,( 1k 1]?1]
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Recall: Codiftferential

» Codifferential ¢ is L? adjoint of exterior derivative d (modulo boundary term)

» For a € QX(M)
Sa = (=)' g wa

» For w,n € QX(M)
@ = [ wns
M

is their L? inner product
» For a € QX(M) and B € Q< 1(M)

(dﬂ’a)_(ﬁ’éa) :/[)Mﬁ/\*a

» This is how boundary conditions like tr *a come about

22/26



Discrete codifferential

A\

For a € CK(X)

Ora = (_l)n(k—1)+1 *];_11 drfh—lil

*ka
tr *a
Here tr *q is discretized via integration on the duals of (k — 1)-simplices on 0X

Becausen—k=(n—-1)—(k—-1)
For w,n € CX(X)

v

v

v

(1) = W’ w1

v

For w*, n* € D" *(xX)
((1)*, n*) = (,()*T *1:1 T]*
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Adjointness

Proposition

The discrete codifferential is the adjoint of the discrete exterior derivative. That is, for
@ € CK(X) and B € C*1(X)

(di-1B,@) = (B, 6x @) = Blif_, wrxa

Can dualize the whole picture
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Future work

» Implement combinatorial orientation algorithm for boundary dual

» Test on boundary value problems for Au = f (tr su, tr =du)
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