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Motivation?
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One row of double forms

v

Each node in the diagram is

QP4(M) = QP (M; NT*M) = T(A’T*M & A/T*M)

v

Each row is a copy of the following for¢g = 0,1,...,n

Vi =d?, dy, 2
0 — Q™M) —— 5 Q1I(M) —1s Q2I(M) ——s

v

dyq extends V7 of AIT*M
V4 itself is induced from V on TM

A\
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E valued forms

» More generally, replace AYT*M by E
QP (MLE) =T (ANT"M ® E)

> Now dye is induced from VZ of E over M.

» The sequence becomes

VE _ dO dl d2
0 — QUME) — Y Q' (M3 E) ——s Q*(M: E) ——s Q3(M: E)

6/62
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A note on products
There are three products all written as wedge, but with different meanings.

» Vector bundle valued and scalar forms (module action):
Fora =n®s € QY(M;E) and w € Q' (M)

aAw=Mn®s)Aw=nNAW)®s

» Endomorphism valued and vector bundle valued forms (operator action):
ForB=8® ® € Q(M;End(E)) and @ = n ® s € Q/(M; E)

BAa=(BAn)®D(s)

» Endomorphism and endomorphism forms (composition product):
ForA=a®® e QX(M;End(E)) and B = 8 ® ¥ € Q'(M;End(E))

AAB=(aAB)Q (DoY)

7162
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Operators and structures to be replicated

» Exterior covariant derivative dy : QX(M; E) — Q1 (M; E)
» Product on QX(M; E) x Q' (M)
» First Leibniz rule:

For a € QK(M;E) and w € Q/(M):

dy(a Aw) =dva Aw + (=D)*a A dw
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Operators and structures to be replicated

v

Exterior covariant derivative dy : QX(M; E) — Q"1 (M; E)
Product on QX(M; E) x Q' (M)

First Leibniz rule:
For a € QK(M;E) and w € Q/(M):

v

v

dy(a Aw) =dva Aw + (=D)*a A dw

» Curvature of the connection:

Fy :=dy o dy € Q*(M;End(E))

8/62
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Operators and structures to be replicated

» Product on QX(M;End(E)) x Q/(M; E)

» Exterior covariant derivative for endomorphism valued forms
dyena : QX(M;End(E)) — Q! (M;End(E))

» Defined by enforcing a second Leibniz rule:
For B € Q¥(M;End(E)) and € Q'(M;E)

dy(B A @) = (dyeB) A a + (-1)*B A dya
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Operators and structures to be replicated

v

Product on Q¥(M;End(E)) x Q'(M; E)

Exterior covariant derivative for endomorphism valued forms

v

dyena : QX(M;End(E)) — Q! (M;End(E))

v

Defined by enforcing a second Leibniz rule:
For B € Q¥(M;End(E)) and € Q'(M;E)

dv(BAa@) = (dVEndB) Na+ (—l)kB Adva

v

Product on Q¥(M;End(E)) x Q!(M;End(E)) and corresponding Leibniz rule

9/62



Operators and structure to be replicated

» Bianchi identities:
® dyeaFy =0
® Fora € Qk(M;E): dv(dva) =Fy AN«
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Operators and structure to be replicated

» Bianchi identities:

® dyeaFy =0

® Fora € Qk(M;E): dv(dva) =Fy AN«
» Naturality:

® A smooth map f: N — M determines a pullback bundle f*E — N and pullback
connection f*V on f*E

¢ Exterior covariant derivative commutes with pullback

® Curvature of V on E pulls back to the curvature of f*V on f*E

10/62



Operators and structure to be replicated

Local structure (more common in physics)

> Assume trivialization of E over an open subset U C M.

» For a chosen isomorphism of vector bundles E|y ~ U X R":

1 1
dv 2V d+ A, Fly SV Fyi=dA+ANA, AcQ(U;End(R"))
> A is connection 1-form
» Change of local trivialization of E|y by g: U — GL,(R) (gauge transformation):
* A gAg ! —dgg™!
® Fa > gFag™!

11/62



Overview of results

Structure preservation

Theorem
Let X and Y be locally ordered simplicial complexes, E a discrete vector bundle with

connection over X, and f : ¥ — X an order preserving simplicial map. We construct
operations

dy : CK(X;E) » CMY(X;E)

- CHX;E) x C'(X) —» C*(X;E)

— : CK(X;Hom(E)) x C'(X; E) — C*(X;E)

— : CK(X;Hom(E)) x C'(X; Hom(E)) — C**'(X; Hom(E))

dyom : C*(X; Hom(E)) — C**!(X; Hom(E))
F :=dy o dy € C*(X;Hom(E))
f*: C*(XGE) —» CX(Y:f'E)

12/62



Overview of results

Theorem (contd.)
such that for @ € C*(X;E),w € C*(X), B,D € C*(X;Hom(E)),

(i) Leibniz rules hold (second one by construction):
dy(@ — w) =dva — w+ (-D!%a — dw
dy(B — @) = (dywonB) — a + (-1)!81B — dya
(ii) the operations are natural:
f(a—w) =fa—fw, fidy = dpvf”,

(iii) square of dy is curvature: dvdva = Fy — «
(iv) differential Bianchi identity is satisfied: dyuom Fy = 0

13/62



Overview of results

Local structure preservation

Theorem
The discrete 1-form A := dy — d satisfies

l.

s> I

the covariant derivative is determined by A as dy = d + A;
the connection 1-form A pulls back to a connection 1-form f*A;
the curvature satisfies F' = dA + A — A and the Bianchi identity (d + A)F = 0 holds;

under a gauge transformation g of the discrete vector bundle with connection, A
transforms as A — gAg~' — dgg~!, and the curvature transforms as F — gFg~!.

14/62



Overview of results

Curvature obstruction to anti-symmetrization

» DEC discrete wedge product is anti-symmetrized cup product

» Anti-symmetrizing cup product breaks Leibniz rule

15/62



Other results
Not discussed today

For flat connections d% = 0 so can talk about (E-twisted) cohomology
» Results on twisted cohomology and Cech cohomology

» Consequence for twisted Poincaré duality and densities

16/62



Important caveats

> We assume the data is given:

® Parallel transports on edges are given
® Smooth bundle valued forms are given as discrete objects
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» These are non-trivial tasks:

® Vector bundle valued forms can only be integrated in a local trivialization
® Construction of parallel transport maps requires care
® Stokes theorem is not true in general
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Important caveats

> We assume the data is given:

® Parallel transports on edges are given
® Smooth bundle valued forms are given as discrete objects

v

These are non-trivial tasks:
® Vector bundle valued forms can only be integrated in a local trivialization
® Construction of parallel transport maps requires care
® Stokes theorem is not true in general

v

See the talk of Theo Braune for a solution of these issues

v

Our goal was to build the framework assuming these are given

17/62



Background



Ingredients

» Locally ordered simplicial complexes category OSiCo
> Partial order on vertices, every simplex totally ordered

» Morphisms are order preserving simplicial maps
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Ingredients

» Locally ordered simplicial complexes category OSiCo
> Partial order on vertices, every simplex totally ordered
» Morphisms are order preserving simplicial maps
>

How to construct OSiCo?

® Define a global total order on vertices?
® Problem: this is not functorial, simplicial maps may not become order-preserving

v

One solution: use subdivision

19762



Subdivision functor

» Subdivision is a functor SiCo — OSiCo
» If X (unordered) simplicial complex then sd X is locally ordered

» If f: X — Y simplicial map then sdf : sd X — sd Y is order preserving
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Subdivision example

> Simplicial complex X = {{0}, {1}, {2}, {0, 1}, {0,2},{1,2},{0, 1,2}}
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> Simplicial complex X = {{0}, {1}, {2}, {0, 1}, {0,2}, {1,2},{0, 1,2}}
> sd X vertex set: {{0}, {1}, {2},{0,1},{0,2},{1,2},{0,1,2}}
> Six maximal simplices of dimension 2, e.g., {{0, 1,2}, {1,2}, {1}}
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Subdivision example (geometric realization)
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{0.2} {1.2}

> Vertices in sd X correspond to simplices of X
{0,1,2}

{0} {0,1} {1}
X
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Subdivision example (geometric realization)

{2}

{0,2} {1,2}

> Vertices in sd X correspond to simplices of X
> Vertices of o € sd X are from different dimensions of X

> We define the local order as reverse order of dimension

{0} (0.1} {1}
X and sd X
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Subdivision of simplicial map

0 {01} 1

YandsdY
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» Simplicial map f : X — Y, vertex mapping: 0 — 0,1 +—1,2— 0
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» Original f is not order-preserving. But sdf is order preserving
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Subdivision of simplicial map

0 {0,1}

YandsdY

XandsdX

» Simplicial map f : X — Y, vertex mapping: 0 — 0,1 +—1,2— 0
» Original f is not order-preserving. But sdf is order preserving
» sdf :sdX — sdY vertex mapping:

{0} » {0} {0,1}— {0,1} {0,1,2} — {0, 1}

{1} = {1} {02} = {0}
{2} = {0} {1.2} = {0.1}

1
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Duals and cubes

> A vertex in sd X corresponding to a simplex o* € X is denoted ¢(c™)
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Duals and cubes

v

A vertex in sd X corresponding to a simplex o € X is denoted ¢(c7)

v

For ¥ < ¢**! in X, there are /! simplices of dimension / in sd X of the form
{c(cb), c(c™), ..., c(c™D)} with ok < oK1 < .. < o*H

The union of these simplices is the dual of o in o**/, denoted D(c* < o

A\

k+l)

v

The cell D(cF < o**!) is a combinatorial cube of dimension / with 2/ vertices
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Duals and cubes

> A vertex in sd X corresponding to a simplex o* € X is denoted ¢(c™)

» For o* < o**! in X, there are ! simplices of dimension [ in sd X of the form
{c(cb), c(c™), ..., c(c™D)} with ok < oK1 < .. < o*H

» The union of these simplices is the dual of o in o**/, denoted D(c* < o**!)

» The cell D(cF < o**!) is a combinatorial cube of dimension / with 2 vertices

» The cubical cell complex Q(X) is formed by these combinatorial cubes for
0<klk+I<n

> In DEC, for a manifold complex of dimension » and c¢(o) the circumcenter,
D(co* < ™) is the dual cell ko
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Smallest vertex

> All k-simplices in sd o have c¢(c*) as their smallest vertex
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Smallest vertex

{0.2} {1.2}

LT

0 (0.1} i

> All k-simplices in sd o have c¢(c*) as their smallest vertex

> All small edges in a big edge ! have c(o!) as smallest vertex
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Smallest and largest vertex

» All I-simplices in D(c* < o**!) have c(o**!) as smallest vertex

> All I-simplices in D(c* < o**!) have c(o*) as largest vertex
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Derivative, Product, Naturality



Discrete vector bundle with connection

Definition
For a locally ordered simplicial complex X, E — X a real discrete vector bundle with
connection over X is data:

1. for each vertex i, a finite-dimensional real vector space E; (fiber at i)
2. for each edge [, ], invertible linear map Uj;: E; — E; (parallel transport from i to j).

Compatibility condition U;; = Uﬁl.
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Vector bundle valued discrete forms

Definition
» A vector bundle valued discrete k-form a assigns vector <a/, ok > ,€Eto ok
(1 is smallest vertex of o%)
» For 7 € S, a permutation, o = [vg, ..., Vk],
(@, [Vz(0),---»Val) :=sgn(m){a, o) where sgn(r) is the sign of x.
» CX(X;E) is the vector space of vector bundle valued discrete k-forms

> A section s is a vector bundle valued discrete O-form
(map that assigns vector s; € E; for each vertex i)
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Discrete covariant derivative

Definition
The discrete covariant derivative V: C%(X; E) — C'(X; E) is characterized by

(Vs. [i.j]), == Uysj - si € E;, i<j, seC’X;E)=T(E).
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Pullback bundle

Definition

Given (E,V) — X and f: Y — X an order-preserving simplicial map, the pullback bundle
over Y is denoted f*(E, V) = (f*E,f*V) and defined as follows. Take as fibers

(f*E); = Ey(;) for each i € Y, and the connection /*V is defined by assigning to each edge
[i,] € Y; the parallel transport map:

. {Umm if [£(),£ ()] € X,

Idg,;, = Idg,;, otherwise.
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Pullback of discrete forms

Definition

Let Y and X be locally ordered simplicial complexes, f: ¥ — X an order-preserving
abstract simplicial map, and @ € CF (X; E). Then the pullback of @, denoted f*«, is the
f*E-valued discrete form defined by:

(a/, f(0... k])>f(0) if f([0...k]) is a k-simplex in Y.

0 otherwise .

(Fra, [0...k]) := {
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Discrete exterior covariant derivative

> Recall how the covariant derivative extends to dy in smooth setting: for ¢ € Q (M; E)

(dye@) (Xo, -, Xp) = Y (=1)V5 (p(Xo, ..., R X,))
0<i<p

+ > DX X X0 R R X)) (D)

0<l<m<p

OR: for @ € QP (M) and s € T'(E)
dva(a ®s)=da®s+ (-1 a A VEs

> We take a different approach
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Discrete exterior covariant derivative

For @ € C*1(X; E) the discrete exterior covariant derivative of @ is dya € C*(X; E)
characterized by

A

k
{dva, [0...k]), := Uoi{a, [1...K]), +Z(—1)i(a, [0...7... k1),
i=1

(Inspired by A. Kock [1996])
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Leibniz rule

> Does this dy satisfy a Leibniz rule?
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Leibniz rule

> Does this dy satisfy a Leibniz rule?

» For that we need a product
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Leibniz rule

> Does this dy satisfy a Leibniz rule?
» For that we need a product

» Recall how wedge product was defined in DEC
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Recall DEC wedge product

Definition
For a € C*(X) and 8 € C!(X) the discrete DEC wedge product a A § is characterized by

1

(@ nB, [0..k+1]) = T > sen(@){e — B, [7(0)...7(k+D])

TESk+1+1

Proposition

Let X be a manifold PL simplicial complex, @ € C*(X), 8 € C/(X) and o a
(k + I)-dimensional simplex in X. Then

(a A B, a):/Wa/\W,B.
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Product between bundle valued and scalar discrete forms

Due to the curvature obstruction result shown earlier, we do not anti-symmetrize the cup.

Definition

Given @ € CX(X; E) and w € C!(X) their cup product @ — w € C**/(X; E) is defined by its
evaluation on a (k + [)-simplex at the origin vertex as

(@ —w, [0..k+1])0 =@, [0...k])o (w, [k...k+1])

Proposition

Given X, Y locally ordered simplicial complexes, bundle (E, V) — Y, and order preserving
simplicial map f: X — Y, for any @ € CK(Y;E) and w € C'(Y) and simplex [0...k+{] in X

(@ —=w), [0...k+1])o={a—=fw, [0..k+1])
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First Leibniz rule

Proposition

For @ € CX(X;E) and w € C'(X), the discrete covariant derivative dy satisfies the
following Leibniz rule

(dy(a — w), [0...k+I+1]) = {dva — w, [0...k+l+1])o+(=D)*(a — dw, [0...k+I+1]).
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Curvature
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Homomorphism valued discrete forms

Definition

A homomorphism-valued discrete k-form assigns to each k-simplex [0 ... k] a linear map
Ey — Ej from the highest to the lowest vertex. The space of homomorphism-valued
discrete k-forms is denoted C¥(X; Hom(E)). Given B € C¥(X; Hom(E)) and € C/(X; E)
the action of B on « is B — « defined by:

(B —a, [0...k+1]Y := (B, [0...k]Dox (@ [k...k+1]).

» The subscript in (B, [0 ... k]« indicates that the value is a map Ex — E.
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Discrete curvature

Proposition

d% = dy o dy € C*(X; Hom(E))

Definition
The discrete curvature is defined as Fy := d% € C?(X;Hom(E)). Its value on a triangle is

(Fy, [0,1,2])0,2 = Up1Ui2 — Uz
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Exterior covariant derivative for homomorphism valued discrete forms

Definition

The discrete exterior covariant derivative on homomorphism-valued discrete k-forms
dyton : CK(X; Hom(E)) — C**'(X;Hom(E)) is characterized by demanding:

dy(B — @) = (dysmB) — a + (-1)*B — dva,

for B € CK(X;Hom(E)) and @ € C'(X; E).
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Exterior covariant derivative for homomorphism valued discrete forms

Proposition
dytomB € C**1(X; Hom(E)) evaluates to

(dytonB, [0...k+ 110 ke1 =Uor1(B, [1...k+ 1)1 k41
k
+ Z [(=1)B, [0...7...k+ 1])0xs1]
i=1

+ (=1)*(B, [0...k])ox Ur. k41) -

43/62



d%, curvature, and the differential Bianchi identity

Proposition

For a vector bundle-valued discrete k-form @ € CF (X; E), we have

dv(dv(a)) = Fy — a.
Proposition

The discrete curvature satisfies the differential Bianchi identity

deomFV = 0
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Connection 1-cochains and gauge transformations

Lemma
Let V and V’ be two (different) discrete connections on a discrete vector bundle £ — X.
Then the difference

V-V eC\(X;E)

defines a homomorphism-valued discrete 1-form.

Definition
The discrete connection 1-formis A := V — dg € C'(X; Hom(E)). Here df, is the trivial
discrete connection. We use the notation

A=A, [i,j])iy = Uy —1dy

to denote the value of A on an edge.
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Connection 1-cochains and gauge transformations
Definition
Given B € C¥(X; Hom(E)) and D € C'(X;Hom(E))
(B— D, [0...k+)ok+s = (B, [0...k])ox (D, [k...k+1])kk+i

where the right hand side is a composition of linear maps.

Lemma

Given discrete curvature Fy € C*(X;Hom(E)), and discrete connection 1-cochain
A € C'(X;Hom(E)), we have

Fy =dgA+A — A € C*(X; Hom(E))
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Connection 1-cochains and gauge transformations

Proposition

Given a gauge transformation g € C°(X; Hom(E)) between discrete bundles with
connection (E, V) — (E, V'), the corresponding connection 1-forms and curvature are
related by

A A =gAg ' —dgg™!, F =gFg '
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Coarsening
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Coarsened vector bundle and coarse discrete forms

Definition

For X := sdX and (E, V) — X the data for the coarsened vector bundle with connection
(E,V) — X has fibers E, () for & € X and parallel transport maps Uc(o+),c(a++1y Torall
ok <kl e X.

Definition
For @ € CX(X; E) and & € X the discrete forms coarsening map € : CK(X;E) — CK(X;E)
is defined by

(C(a), é'k)c(&k) = Z o(c*, 7 (a, 0'k>c(5_k).

okesd kcx
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Why coarsening works for discrete vector bundle valued forms

Discrete forms coarsening map
For a € CX(X;E) and 6% € X:

(€(@), Yoy = D, 0(ch,5) (@, ob)(or) .

okesd gkcx

{0.2} {1.2}

N

0 0,1} 1
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Coarse dg

Definition

The coarse discrete exterior covariant derivative dg : CK(X;E) — C**1(X; E) is defined by
its value on 5%*! € X as

(d%d’, g +1>c(6'k+1) = Z 0(5']‘,6']‘“) Uc(é'k*'l),c(é'k) <C~l’, &k>c(&k) 5

Fk<aktleX

for @ € CX(X; E). (For k = 0, the analogous formula defines the coarse connection V).

Proposition

The coarsening map commutes with the exterior covariant derivative, dgC = Cdy.
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Coarse homomorphism valued discrete forms

Definition

For 6%, 5% € X,0 < k < dimX — [, a coarse homomorphism valued discrete [-form
assigns to each /-dimensional combinatorial cube D(5* < 5**!) € Q(X) a homomorphism
EC(@"‘) — Ec(d-kﬂ).

Definition

For B € C'(X;Hom(E)) and &* < 5** € X, the homomorphism coarsening map
gHom . c/(X;Hom(E)) — C'(Q(X); Hom(E)) is defined by

<€Hom(B)’ D(é-kj&k”))

c(Gk+HY (&%) =

Z sgn(e[o** = 3*1) (B, c[d™ = 1), gty oo -

cl[okH=klesdX
where sgn(c[7! = 5K]) = (=D)Xo(c[7* = 5°],7%) o(c[6*H = 5], 7))
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Coarse discrete curvature

Definition
The coarse discrete curvature of V, denoted Fg e C*(Q(X);Hom(E)), evaluates on
D(&% < 3%*?) as a homomorphism EL(O.k) = EC(O-HZ)

( , D(&% < 0'k+2)>

0.k+2) c(o‘k)

+ (Uc(o“'k*'z),c(d'{‘*l) UC(G']f+1),C(5'k) = Uc((j'k*z),c(d'lz‘“) Uc(&§+l),c(&k)) 9

where 5% < 0'{‘“ e

Proposition

With X, X = sd X, (E, V) — X and (E, V) — X as above, coarse curvature Fg is the
coarsened fine curvature. That is, Fg = gHom(Fy).
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Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a'kjé'k+l)>

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

c(akth) e (%)

{0.2} {1.2}

£

0 {0.1} 1

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

0 {0,1} 1 54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

0 {0,1} 1 54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

0 {0,1} 1 54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

{0.2} {1.2}

N

0 {0.1} 1

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

{0.2} {1.2}

N

0 {0.1} 1

54/62



Why coarsening works for homomorphism valued discrete forms
Homomorphism coarsening map

For B € C/(X;Hom(E)) and &% < 6% € X:

<€Hom(B)’ D(a-kj&k”))

c(GkHY (k) =

> san(e[a® = 54) (B, c[6* = 5H))

clok=klesdX

C(@'k+1),c(5'k)

{0.2} {1.2}

N

0 {0.1} 1

54/62



Other Constructions



Christiansen-Hu construction

» Fibers are associated with simplices
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Christiansen-Hu construction

» Fibers are associated with simplices

» Transport maps are between simplices differing in dimension by 1
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Discrete exterior covariant derivative

Christiansen-Hu

0 {0,1} 1

57162



Discrete exterior covariant derivative

Christiansen-Hu

0 {0,1} 1

57162



Discrete exterior covariant derivative

Christiansen-Hu

0 {0,1} 1

57162



Discrete exterior covariant derivative

Christiansen-Hu

0 {0,1} 1

57162



Discrete exterior covariant derivative

Christiansen-Hu

0 {0,1} 1

57162
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Braune, Tong, Gay-Balmaz, Desbrun construction

» See talk by Theo Braune tomorrow
» Summary of construction:

® Discretization of smooth forms based on a local trivialization
® Numerical computation of parallel transport maps

® Theoretical and numerical convergence

® Anti-symmetrization of our dy
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Comparisons

Christiansen-Hu construction

» Coarsening our construction yields Christiansen-Hu construction

> Except: coarsening our cup does not yield a coarse cup product for theirs.
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Coarsening our construction yields Christiansen-Hu construction

Except: coarsening our cup does not yield a coarse cup product for theirs.

In fact they do not define a product on C*(X; E) x C*(X)

We show that a naive cup product on C*(X; E) X C*(X) has a curvature obstruction for
Leibniz

Note: this obstruction exists even without anti-symmetrization
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Comparisons

Christiansen-Hu construction

vV v vy
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Coarsening our construction yields Christiansen-Hu construction

Except: coarsening our cup does not yield a coarse cup product for theirs.

In fact they do not define a product on C*(X; E) x C*(X)

We show that a naive cup product on C*(X; E) X C*(X) has a curvature obstruction for
Leibniz

Note: this obstruction exists even without anti-symmetrization

A product for C¥(X; Hom(E)) x C*(X; E) may exist for general k
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Comparisons

Braune, Tong, Gay-Balmaz, Desbrun construction

> An interesting discretization of smooth vector bundle valued forms and transport maps
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> An interesting discretization of smooth vector bundle valued forms and transport maps

» They define their dy as anti-symmetrization of ours

» Their structure-preservation proofs rely on ours plus anti-symmetrization not messing
things up

> Numerical and theoretical convergence guarantees

> They show that our dy converges

> While our d%a converges for a section they show that an antisymmetrization is
required for @ € C¥(X; E), k > 0 in their convergence study

» See talk of Theo Braune tomorrow!
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Comparisons

Braune, Tong, Gay-Balmaz, Desbrun construction

» Product for C¥(X; E) x C!(X) is not defined
» Explicit product for C¥(X; Hom(E)) x C!(X; E) for general k is not defined
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Comparisons

Braune, Tong, Gay-Balmaz, Desbrun construction

Product for C*(X; E) x C!(X) is not defined

Explicit product for C¥(X; Hom(E)) x C!(X; E) for general k is not defined
Implicitly defined product for C?(X; Hom(E)) x C!(X; E)

Recent conjecture (?) dv(Fv A @) = Fy Adva

vV v.vyy

61/62



Conclusions and outlook

The three constructions are related
Other two can be generated from ours

Product limitations in the other two are puzzling

vy v.vyy

Convergence may need to be studied in right norms (likely appropriate negative
norms)

> For example the angle defect was shown to not converge in L? and H~! norms [Gawlik
2020] and shown to converge in H =2 norm [Gawlik and Neunteufel 2025]
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